Of course, it would be wrong to say that all these labels refer to exactly the same scientific content, even if in some cases, as for instance the last two, they are almost exact synonyms (for works explicitly aimed at the identification of intersections between some of the previous fields, reference may be made to, e.g., Refs. [89, [132] [133] [134] [135] [136] [137] [138] ). Rather, we want to underline the common motivations behind their origins, together with their shared goals.
In the opinion of the authors, the real challenge for today's theoretical and applied mechanics is expressed by the following:
Mission statement-to select the desired behavior of a material by means of the choice of its governing equations, and subsequently to synthesize and manufacture a microstructure or a complex multiphysics system whose behavior is suitably described by the chosen equations.
This mission statement is, sometimes in an indirect way, at the basis of the fields identified by the previous labels and constitutes their common underlying foundation. In our opinion, this kind of perspective provides a needed guide in what seems to be a very complicated spectrum of problems. If one keeps clear the ultimate target, the subtleties and the technicalities which distinguish one label from the other will not distract attention from the actual scientific content, and it will be much easier to translate methods and tools from one area to another, thereby strengthening the arsenal for meeting the challenges.
The Hypotheses at the Basis of Mechanics and Their Relation With Existing Technology
Mathematical modeling capabilities have shaped the technologies of every advanced society [1] . The great advancement of Illuministic engineering was based on solid mathematical grounds and produced a grand economical and technological development. Western civilization was characterized by an Archimedean mathematical description of both phenomena and engineering artifacts. However, until very recent times, mathematical modeling has been limited to the description of pre-existing materials (see Ref. [139] for a general introduction in material selection). Therefore, the simplifying assumptions which were the basis of engineering in the Illuministic era and in the subsequent Industrial Revolution were deeply founded in the observed phenomenology and became a paradigm of scientific and technological thought. The assumptions conjectured by the founders of modern engineering sciences (Cauchy, Poisson, Navier, Maxwell, Piola, etc.) were so deeply rooted in the minds of scientists and engineers that they became basic doctrine.
Indeed, several lines of inquiry have ceased to evolve, precisely because of the depth of these roots, even if the emergence of computer-aided manufacturing rendered them rather obsolete (for a general reference on the topic, see Ref. [140] ). An important example is that of external contact action. For scientists accustomed to classical Cauchy continua, whose deformation energy depends on the first gradient of the displacement, external contact actions are essentially surface forces; however, when dealing with complex microstructures which lead, in their homogenized limit, to higher gradient models (refer to Sec. 1.1), the set of possible external contact actions is richer and may include line forces, concentrated forces, double forces, and objects of higher order [141] . Another way to express the previous statement is: once you can manufacture (by 3D printing, electrospinning, or any other novel technical possibility) an object with a microstructure which, macroscopically seen as a continuum, can sustain double forces (or higher order ones), you cannot anymore neglect them in your theoretical constructions. This means that you have to rebuild your set of assumptions in order to enrich the consequences you can deduce from them. It is a clear example of what is intended by the title of the present section: the technological possibilities, as already observed in Sec. 1, determine the most appropriate set of hypotheses to be assumed as a foundation for the theoretical construction of mechanics. As a consequence, it is insufficient to be limited to a certain formulation for purely abstract reasons, without taking into consideration the effects of the introduction of novel technologies. A notable example is given in Ref. [142] , where materials with unusual response to elastic waves (requiring a suitable generalization of elementary dynamics' concepts) are investigated.
An important conceptual revolution in connection with the emergence of new technology, methodologically not too different from what we are discussing, has already occurred. In the early 1940s of the 20th century, the competition between analog computers and Turing-von Neumann machines forced the supporters of analog computing to change their paradigms. Inspired by the need to obtain solutions to complex partial differential equations (PDEs) or ordinary differential equations (ODEs) needed for the construction of scientific experiments (see, for instance, Ref. [143] ) or for large-scale production designing [144] , many scientists could not wait for the final establishment of the superiority of digital computers and were obliged to build, or, as they often said, to synthesize analogous electric circuits governed by a given set of mathematical equations for the purpose of computing.
This process, which was historically important in the emergence of modern computing, is methodologically analogous to the approach entailed by the aforementioned mission statement, whose aim is indeed to choose the desired behavior of the materials by means of the choice of its governing equations, and subsequently to synthesize a microstructure or a complex multiphysics system whose behavior is suitably described by the chosen equations. The main difference lies in the wider generality of the systems to be considered today, and, as a consequence, the greater sophistication of the necessary theoretical tools.
Three Approaches to Accomplish the Objective
In the context of Applied Mechanics, three different approaches can be used to meet the challenge expressed by the foregoing mission statement.
Physical
Modeling. This approach consists of conjecturing, by means of physical intuition and experience, the structure of a system performing a given task and then proving the validity of the conjecture by means of prototyping and experimental evidence. Of course, in this approach the proper use of numerical simulations is very important to direct physical intuition toward the most promising cases. Powerful methods allowing rapid assessment of the main quantitative characteristics of complex mechanical systems are today available, and among them one of the most universal is the Finite-Element Analysis, whose flexibility is ideal for dealing with geometrically complex systems such as those related to metamaterials (see Ref. [145] for a historically important reference, and Refs. [146] [147] [148] [149] [150] [151] [152] [153] [154] for interesting recent applications). Finite elements with suitable interfaces can also be employed for modeling fracture phenomena, as done in Refs. [155, 156] . Finally, especially useful can be the introduction of elements with high regularity properties as, for instance, those used in isogeometric analysis (see, e.g., Refs. [157] [158] [159] [160] [161] [162] [163] [164] ). Another very successful computational tool is represented by Molecular Dynamics, which is based on the numerical study of systems constituted by a very large number N of elements. The numerical computation of the trajectories of particles in the ordinary 6N-dimensional phase space of positions and momenta employs the classical mechanics laws of motion (for an introduction, see Ref. [165] ). Finally, especially concerning inelasticity, very important are computational scale-bridging methods (such as CADD, QC, MADD, and DDD, see Ref. [166] for an example with the discussion of some general problems in models comparison), which have emerged from the need to apply classical mechanics to small-scale systems.
Models of Generalized Continua.
The foregoing approach is probably most effective when a major advance has already been achieved, and only simple refinements remain to be performed. When, instead, completely new concepts are to be applied to achieve technological progress, a true change of paradigm is needed, and such a change can be obtained only by re-examining a substantial part of engineering science. It seems that to this end the basis of continuum mechanics must be revisited, to effectively restart a line of research initiated by Piola [167] . Even if seemingly not consciously, the revival of Piola's ideas is already in progress. The currently active field of Peridynamics furnishes a particularly fruitful example (see, for instance, Refs. [168] [169] [170] [171] [172] for relevant results and Ref. [134] for a historical perspective). Peridynamics is indeed the modern name given to Piola's most general continuum mechanics proposed by him as a sound tool for investigating the mechanics of deformable bodies. Standard continuum mechanics, though providing a most powerful conceptual framework, seems to have exhausted its propulsive thrust, at least insofar as macromodeling is concerned. Naturally, once suitable continuum models have been introduced on the basis of the known smaller-scale structure, then only discrete numerical methods will be able, in the general case, to furnish detailed predictions of the relevant phenomena occurring in the contemplated technologies. Some purely academic exercises can be solved with analytical or semi-analytical methods, but their impact cannot be regarded as being substantially relevant in technological applications. Rather, their importance stems mainly from the fact that they furnish benchmarks for numerical codes.
3.3 Dimension Reduction of Discrete Models. Once the relevant small-scale substructure has been identified, providing a purely conceptual basis for the theoretical description of a complex system, the most important modeling step consists in finding a discrete model to represent the important aspects of the phenomenology. Normally, such a discrete system has a very large number of degrees-of-freedom, say q i ði ¼ 1; :::; NÞ; and even if very powerful supercomputers could apply them to a few cases of academic interest, their systematic application to engineering problems is still not feasible. Therefore, one contemplates the introduction of a lower dimensional discrete model (having coordinates Q h ; h ¼ 1; :::; n, with n ( N) and a reduction kinematic map (also known as a "handshake step" in multiscale modeling), allowing for the determination of all of the q i once the Q h are given (interesting results along these lines may be found in Ref. [173] ). All of the capabilities of the modeler are, in this context, bound to the fidelity of this reduction map. If both systems are Lagrangian (possibly extended to include a Hamilton-Rayleigh dissipation potential), the reduction map will immediately produce the Lagrangian of the reduced system and will provide a useful computational tool. In some cases, rigorous mathematical results may also be available to prove that when one or more parameters tend to zero, the introduced procedure actually yields a suitable approximation.
3.4 An Overview of the Three Approaches. Each one of the aforementioned approaches finds a natural role in the research work according to its intrinsic merits. In most of the cases, the synergistic interaction of all of them, which is the basis of the Archimedean-Galilean method, is a necessary condition for scientific progress. A way to concretely realize the purposes described concisely in Secs. 3.1, 3.2 and 3.3 can consist in setting up a program for producing 3D-printed prototypes, such as that shown in Fig. 1 (see below for details). The inspiration for the fine structure of the printed specimens can often be drawn from the available technology of fiber-reinforced composites and the available literature in the field of architectured materials [32, 109, 139, 174] . Suitable modifications and parameter variations can be tested by measuring the mechanical properties of prototypes. Further, simple piezoelectromechanical systems with actuators of smaller size than those used in Refs. [175] [176] [177] can be constructed to test the feasibility of exploiting multiphysics to achieve desired global macroscale properties. Of course, the characteristic length scale that can be attained with the aforementioned methods cannot reach nanodimensions. However, the conceived prototyping, once guided by a suitable rescaling theoretical methodology, could yield important insights into the effectiveness of the considered concepts. For example, it is well known that electrospinning cannot currently produce precisely designed complex fabrics at the nanoscale. However, it can be usefully employed to explore some nanophenomenology and to yield an understanding of some relevant properties (for a discussion concerning size-related surface effects, see Sec. 6).
Examples of Possible Implementations of the Mission Statement
The Mission Statement above expressed in its general form can be realized in several concrete ways. A classical challenge, and Fig. 1 Bias test on a 3D-printed pantographic sheet (top) and simulation, as studied in Ref. [358] (original picture by the authors); we remark that the picture is relative to a continuum simulation, and that the curves represent sets of material points which are straight lines in the reference configuration still one of the most important ones, is to find materials with prescribed/optimized constitutive characteristics (e.g., stiffness, strength, toughness, dispersions relations, etc.). Moreover, several other problems can nowadays be addressed:
(1) To find a material which is able to damp mechanical vibrations by means of a granular microstructure [178] or by transforming mechanical energy into electromagnetic energy via piezoelectric transduction [175, [179] [180] [181] [182] [183] [184] [185] . (2) To find a material which exhibits, at least in some directions, a large ratio between weight and fracture toughness [186] [187] [188] [189] [190] [191] [192] [193] [194] [195] . (3) To find a deformable porous material saturated by an electrically or magnetically active nematic fluid, to enhance Darcy dissipation to control the propagation of electro-or magneto-nematic waves [196] [197] [198] [199] . (4) To find an adaptive material endowed with an embedded sensing system activating variations in mechanical constitutive parameters; for example: a beam with a section moment of inertia that can be modified by the actuation driven by mechanical wave propagation or by an electrical signal, or other kinds of smart materials for bone fracture repair purposes [200] [201] [202] [203] [204] [205] [206] [207] [208] [209] [210] [211] [212] [213] [214] . (5) To design a multiscale fabric constituted by a beamlike substructure whose deformation energy depends on nth gradient of displacement field, and to exploit these structural elements to form materials exhibiting nonstandard dispersion effects, possibly including frequency band gaps. (6) To find a material constituted by nearly inextensible fibers, which is able to resist shear and elongation by storing deformation energy in the form of fiber bending energy [215] .
For each one of the previous targets, some results and potentially useful tools are already available in the literature, and the references provided were intended as a (partial) coverage of them. In addition, it should also be pointed out that, in almost every one of the considered problems, the elementary theory of the beam can still play a fundamental role. It is indeed by suitably generalizing classical beam models that richer theories, required for the study of metamaterials, are often developed (on generalized beam theory, see, e.g., Refs. [216] [217] [218] [219] ).
Standard Methods in Material Designing and Related Challenges
The usual procedure, when dealing with the mathematical design and description of new technology, in particular considering microstructured objects, consists of the following steps:
(1) To select a promising microstructure which is practically realizable by means of existing (or foreseeable) manufacturing techniques; this may be done by means of intuition, experience, or by the methods of structural optimization [32, 109, 139] . (2) To identify the smallest length scale at which a field model could be introduced, at least in principle. This field theory can be classical or based on molecular dynamics, depending on the characteristic structural length scale and the required accuracy. Usually, this model cannot be employed to make predictions because of the enormous computational effort required. (3) To use a discrete mesoscale model for describing the behavior of the considered complex system in an approximate way; this mesomodel must incorporate the most relevant overall behavior of the previously introduced smallest length-scale model. (4) To build an averaged continuous macromodel based on a certain set of simplifying assumptions, using an appropriate homogenization process, asymptotic expansions, and perturbative analyses, as done, for instance, in Ref. [192] in the case of pantographic structures (see below; useful general results based on perturbative methods are provided in Refs. [220] [221] [222] [223] and to refine the model accordingly.
The previous scheme, going from micro-to macroscale, is not the only one possible, and indeed other kinds of approaches exist (e.g., the so-called "scale-bridging" models, where two different scales, a coarser one and a finer one, are used for the description of the system [224] ).
Concerning the aforementioned scheme, it is at least reasonable to question the universal validity of the aforementioned procedure. It can be conjectured, indeed, that the passages 3-5 could be made shorter by avoiding the intermediate continuum model.
Let us discuss this point in detail. Because of the high degree of complexity of the structures which can be produced today, it is almost always impossible to find analytical or semi-analytical solutions to the equations governing the micromodel (discussed in point 2), and in fact numerical analysis (point 5) has gradually become the only means by which the model interacts with experiments. While in the previous two or more centuries, in the engineering sciences the continuous model has been viewed as the most appropriate scientific image of reality, currently the awareness of the importance of the discrete nature of both the matter and the employed computational tools has led to the emergence of a novel epistemological picture. The role of continuous modeling and of homogenization methods is indeed still very important (a useful general references are provided in Refs. [225] [226] [227] ; recent relevant results are Refs. [136, [228] [229] [230] [231] [232] ; on related numerical schemes see Ref. [233] ), but it has a different motivation: namely, continuous models are very powerful for saving computational time. Indeed, one can succeed, by means of homogenization techniques, in:
(1) Capturing all the important features of a given discrete system [234] . (2) Filtering out phenomena occurring at a too small a length scale to be regarded as characteristic of the structure as a whole. (3) "Cleansing" the system from characteristics that are not interesting for a certain class of applications. (4) The equations obtained by means of this procedure can be simpler than those coming from discrete modeling, and so they are within reach of existing numerical methods.
This means that the entire passage: (a) discrete microstructure ! (b) continuous model ! (c) discrete numerical formulation has the meaning of revealing the essential physical features of the considered structures.
The micro-meso-macro identification, which confers concrete meaning to the mesoscale and to the homogenized models with respect to the micromodel, is characterized by a complex and complementary relationship between classical mechanical models and more sophisticated and rich ones; this point is worth to be discussed in some detail. As long as one does not reach a length scale at which quantum effects are relevant, it is in principle possible to study a structure, at the microlevel, by means of the standard Cauchy continuum model (see Sec. 6, for some observation on classical size-related effects at the nanoscale). The problem of this approach, as already explained, is the enormous computational cost it entails. It is easy, when trying to perform numerical simulations in which the micromodel of a complex structure is directly studied (see below, Fig. 2 ), that the computational possibilities of the most advanced hardware and software available today are overcome, and that consequently even powerful workstations may be led (and actually were, in the research experience of the authors!) to a physical breakdown. A mesomodel, in which simpler objects (e.g., beams, chords, Saint-Venant cylinders, etc.) replace Cauchy continua, is in general much less computationally expensive and can therefore be precious once one has successfully established that the simplifying assumptions introduced do not involve the loss of relevant physical information (which is in general not easy). In this process, the generalization/adaptation of existing models, as, for instance, the introduction of a suitable nonlinear model for the beam (see, e.g., Refs. [91, 235, 236] ), is often required. The computational advantage achieved in this way can be of several orders of magnitude, which means that problems requiring computational times of the order of weeks can be dealt with in hours or minutes. Obviously, an even more advantageous result is obtained by identifying the correct homogenized model for the considered system. In this case, usually, one cannot simply adjust existing models, but has to introduce new and more sophisticated generalized continua. Finally, it has to be noted that proving the convergence of the micromodel to the conjectured homogenized one, and even to select the most suitable kind of convergence to be considered, is in general a far from trivial operation [93, 237] .
Perspectives for Extension and Generalization of
Available Results. Lagrangian mechanics has been formulated for both finite and infinite dimensional systems and is based on stationary principles, exemplified by the principle of virtual work. Because of the intrinsically discrete nature of Turing-von Neumann machines, also infinite dimensional Lagrangian systems must-if they are to produce predictions to be compared with experimental evidence-be approximated by discrete ones. A critical research field concerns the search for discrete simplified Lagrangian systems approximating discrete but more complex ones, without passing through homogenized continuous field models. General results in this context have never been applied to material and structural mechanics and may offer a major opportunity to advance the application of discrete mathematics.
From an historical point of view, it has to be deeply investigated the reason for which the founders of analytical mechanics, i.e., Navier, Poisson, Cauchy, Piola, Boltzmann, and all their successors, even if being strongly persuaded that the "true" ultimate nature of matter was discrete, still wanted to introduce a continuous model for deformable bodies. It could be that this choice was dictated simply by the deeply rooted habit of looking for analytical solutions using the methods of classical mathematical analysis, or by using semi-analytical methods as those developed by means of every kind of series expansion. It cannot be excluded, however, that these pioneers were aware of the importance of continuous models when the global behavior of a structure has to be investigated. The standard classification of PDEs in parabolic, hyperbolic, and elliptic may support such an epistemological point of view. For instance, a set of masses connected by nonlinear springs may exhibit many chaotic and extremely unlikely (or macroscopically irrelevant) kinds of time evolution. However, proving that in the regime of small deformations they are governed by the hyperbolic D'Alembert wave equation allows for a deep understanding of their overall behavior. One of the main expected results of the forthcoming researches is that many more exotic global behaviors will be obtained simply interconnecting elementary structural elements. In particular, the results obtained for 1D systems [135] can be generalized by showing how to synthesize microstructures whose continuous counterparts exhibit "forbidden" frequencies for wave propagation [238] , the onset of trapping boundary layers or energy trapping at the microscopic level and consequent enhanced damping [239, 240] . Exemplifying this multiscale structure is the model for fabrics conceived in Ref. [241] , which, Fig. 2 Three-dimensional simulation for a pantographic structure as studied in Ref. [359] . Top: the deformation energy is stored in the pivots; bottom: the employed mesh is visible (original picture by the authors). however, is concerned only with static problems. The most interesting extensions of these researches involve:
(1) The introduction of kinetic effects at the smaller scale.
(2) The extension to 2D (see Ref. [136] ) and 3D structures. (3) The introduction of multiphysics effects via the introduction of suitable transducers, as, for instance, those based on the piezoelectric effect [242] [243] [244] .
Another field in which new results are needed because of newly arisen technological possibilities is related to the study of instabilities. Indeed, it is easily understood that instabilities in the microstructure of a complex system may imply "macro" effects of various kinds, including phase transitions [245, 246] and other kinds of overall behaviors. The study of complex types of instabilities is therefore of crucial importance in order to fully exploit the potential afforded by complex microstructures. In this regard, relevant results are available in the literature concerning both general aspects [247] [248] [249] [250] [251] [252] [253] [254] [255] [256] [257] [258] [259] [260] and more specific issues related to the behavior of the microstructure [261] [262] [263] [264] .
Experimental Features.
As already observed, the emergence of computer-aided manufacturing is having deep consequences for the evolution of Mechanics, which also involve numerical and theoretical developments. Indeed, it can be observed that a very remarkable feature of computer-aided manufacturing is that one can employ the same code (or compatible versions of the same code in different software) for both producing a sample and establishing the topology for performing numerical simulations. This feature has very deep consequences of a methodological and even epistemological nature. The concept of "description of reality through a theoretical model" seems in this case more powerful, as most of the approximate character of the numerical study is sidestepped by the aforementioned identification between the model for numerical investigation and the one for realizing the object.
Concerning experimental work, some specifications have to be made between different kinds of computer-aided manufacturing. Indeed, while 3D printing allows for the construction of very specific multiscale fabrics (see, e.g., Refs. [140, 265, 266] 
À2 mm), the technology of electrospinning allows for the construction of micro-and even nanostructures, but with a much more limited precision (see, e.g., Refs. [267] [268] [269] [270] [271] ). In this context, the improvement of electrospinning control capability is one of the most interesting problems. It is conceivable to design, for example, better devices which exploit the dependence of surface tension on the curvature of the outer interface of the injected filament [272] . Moreover, a sensitivity analysis to estimate the effect of nano-and micro-imperfections on the global behavior of the considered fabrics would also be of great interest, and increase the already considerable potential that electrospinning techniques have in several fields, including tissue engineering (see Ref. [273] ). Concerning these applications, a notable example is the construction of polyurethane biomimetic scaffolds for driving the growth of cell tissues. In Ref. [274] , specifically, a thin prestretched elastic polyurethane electrospun scaffold has been shown to serve as a supporting template for rapid biofabrication of thick tissue-engineered constructs (see Figs. 3 and 4) .
Besides technical difficulties in achieving the desired degree of accuracy at the nanoscale, deeper problems connected with nanosized objects concern the presence of size-related effects which are not observable at macro-and microscale. Among them there are problems which depend on the intrinsic nature of the physics laws (classical or quantum ones) governing phenomena at a given length scale; in addition, there are also specific size-related effects which are completely captured even by a classical approach, and which start to play a relevant role, as the length scale decreases, well before quantum mechanics is required. Given the importance of these last effects for the experimental and theoretical study of metamaterials and for the exploitation of their characteristics, an overview of them is provided in Sec. 6.
We conclude this section by remarking that computer-aided manufacturing techniques and other advanced manufacturing procedures are not the only ones able to produce new interesting metamaterials. Indeed, the research is by any means confined to them, and many interesting cases of metamaterials exhibiting new and promising behaviors are indeed being realized through Fig. 5 Handicraft metamaterial exhibiting interesting mechanical properties (high damping, negative stiffness, snap-through, etc.): Tachi-Miura polyhedron realized by means of origami structures made of paper as studied in Ref. [275] . Left: digital image of the prototypes; right: photo of the top of the prototype (original pictures by the authors).
ordinary industrial procedures, and even (at least in the prototyping phase) through handicraft methods. An interesting example of this kind is provided in Ref. [275] , where a Tachi-Miura polyhedron made of paper is realized and studied (see Fig. 5 ). The authors measured cross-sectional area of the structure and studied how mechanical properties depend on it. In Fig. 6 -right panel, the normalized force (i.e., the applied force divided by a density of torsional stiffness) is represented versus the folding ratio, and the loading and unloading behaviors show that the system can achieve hysteresis effect under dynamical circumstances, which can be exploited for building structures with promising damping properties. In Fig. 6 -left panel, three different configurations reached by the system under the same value of the normalized force, having significantly different folding ratio, are graphically shown. Another interesting case of handicraft metamaterial is the one realized and studied by Boutin and Becot [276] . The authors investigate theoretically and experimentally the acoustics of gassaturated rigid porous media with inner resonance effects. By realizing a prototype made by cutting hollow plastic spheres and packing them with an approximately cubic geometry (see Fig. 7 ), they confirmed experimentally that the resonators essentially modify the effective bulk modulus of the medium inducing strong velocity dispersion and high attenuation in the frequency range of the theoretical band gaps. In Fig. 8 , sound absorption coefficient of the sphere packing shown in Fig. 7 can be seen at ambient condition of temperature and pressure. Measurement is represented by the thick line and simulation by the dashed one. A very similar kind of investigation concerning the bulk effects of microstructure resonance is carried in Ref. [277] (for related researches, see also Refs. [278] [279] [280] [281] ) with respect to a structure constituted by a shaking table equipped with aluminum sheets acting as resonators (see Fig. 9 ). The effect on resonance of the addition of 1 and 37 sheets is represented in Fig. 10 ; as one can see, very sharp changes in the resonance properties of the structure result from the addition of 37 resonators. This last research was a particular case of a more general research line involving locally resonant mechanical metamaterials (see, for instance, Refs. [282, 283] ).
Micro-and Nanostructured Materials Presenting Surface-Related Effects
A case in which microstructure can affect significantly the behavior of a mechanical system is the presence of surface-and interface-related effects (see, for instance, Refs. [284, 285] ). At the moment, we do not have yet a general and comprehensive theoretical framework which is able to cover this topic in a satisfactory way, and a big amount of effort by researchers from different fields is being made to achieve it, or at least to add some pieces to the puzzle. We will try to briefly illustrate where the line separating already understood phenomena and open problems lies. 6 Left: three different configurations of the papermade Tachi-Miura polyhedron (studied in Ref. [275] ) under the same normalized force; right: force-folding ratio relationship and snap-through response (original rendering of pictures provided by the authors) Fig. 7 Another example of handicraft metamaterial: hollow plastic spheres (138 mm high) with a central impervious cylinder studied in Ref. [276] . Spheres might be impervious hollow spheres, or resonators, or both (see Table 1 in the reference paper for details). The interspheres space might be occupied either by air or filled by a granular medium. Left: geometry of the prototype; middle: a prototype; right: cut of the two types of Helmholtz resonators (original pictures by Professor Claude Boutin). Fig. 8 Sound absorption coefficient at ambient condition of temperature and pressure for the system studied in Ref. [276] and represented in Fig. 7 . Measurement is represented by the thick line and simulation by the dashed one (original picture by Professor Claude Boutin).
The general concept is that, in the presence of complex microor nanostructures, surface effects are the most relevant factor in determining size-related behaviors. The development of microand nanotechnology is indeed making even more acute the need for new theoretical developments. There are several examples of new materials which try to exploit the specific characteristics that surface-related effects can have in the presence of complex microstructures. In the literature (see, e.g., Ref. [286] ), a distinction is made between "extrinsic" and "intrinsic" size effects, i.e., the dependence of the bulk properties, respectively, on the size of a sample or on the micro-and nanostructure. Examples of the two types are provided, respectively, in Refs. [287] [288] [289] [290] [291] 292, 293] .
Concerning the geometry of the surfaces, we can start by mentioning the simplest case, i.e., the so-called "perfect" surfaces. These are the ones that can be described by the tools of standard differential geometry with the simple addition of some special physical properties (see, for example, the surface of the nanocrystals and nanotubes made of ZnO shown in Fig. 11 and studied in Ref. [294] ). This, however, is just a very special case. There are indeed several cases of largely irregular geometry even in the presence a microstructure constituted by nanotubes or nanocrystals, since their spatial configuration can be very far from uniform, as shown in Fig. 12 . Materials with this type of surfaces can be employed for many applications, including the production of sensors, actuators, and other elements of micro-and nanoelectromechanical systems (see, for example, Refs. [295] [296] [297] [298] [299] [300] [301] ). For this type of surfaces, it is completely pointless to aim at a detailed mathematical description, and instead suitable averaged models have to be developed; this is in the opinion of the authors of one of the most promising research directions. An application which is important for the development of energetically advantageous solar cells is provided by the so-called Black Silicon (see Ref. [301] and Fig. 13) ; another example of results having application to photovoltaic technology is the theory of layered plates and shells provided in Ref. [302] . Self-cleaning and bactericide coatings provide other examples of highly irregular surfaces exploited to obtain specific properties (see, e.g., Refs. [303] [304] [305] [306] [307] [308] [309] [310] [311] [312] [313] ).
The concept of surface tension for solids, introduced by Gibbs [314] , is still an active research field (for a coverage of recent Fig. 9 Left: shaking table (Bristol Laboratory for Advanced Dynamics Engineering) equipped with aluminum sheets acting as resonators as studied in Ref. [277] ; right: zoom on the sheets (original pictures by Professor Claude Boutin) Fig. 10 Changes in spectrum surface/table for the system studied in Ref. [277] and shown in Fig. 9 . The curve for one resonator is very close to usual layer's resonance; the curve corresponding to 37 resonators shows drastic changes in layer's resonance in x resonant direction and usual resonance peak in y inert direction; in black: standard impedance analysis is also shown; U C and U b are, respectively, the displacements of the material points belonging to the upper surface and to the base of the sample (original picture by Prof. Claude Boutin).
literature, the reader can see Refs. [315, 316] and the works there cited). Gurtin and Murdoch introduced in Refs. [317, 318] a model in which a nonlinear elastic solid is equipped with a prestressed membrane on the surface to account for surface tension. This model found applications in micro-and nanomechanics (see, e.g., Refs. [319] [320] [321] ), and in particular proved capable of describing size-related differences in mechanical properties, as observed, for instance, in Ref. [322] . The importance of this model can also be appreciated considering that many generalizations were proposed for it, for instance, adding bending stiffness for the external membrane and accounting for thermoelasticity or fracture (see Refs. [323] [324] [325] [326] [327] [328] ). In this framework, it is of course very useful to provide solutions to initial value problems (IVPs) and boundary value problems (BVPs) which are met in surface elasticity; related results are provided in Refs. [20, 21, 329, 330] . Surface elasticity influences the properties of the material, as shown in Refs. [319, 320] . A remarkable theoretical result is that, in linear surface elasticity, the presence of surface stresses leads to a stiffening of the material (see, for example, Refs. [21, [331] [332] [333] [334] [335] ). This general result helps understanding the fact that, in fracture mechanics, the presence of surface reinforcements can change the behavior of solutions in proximity of cracks, holes, and other kind of singularities, as it was shown in Refs. [327, 328] .
To complete the picture concerning surface stresses and effects, we add a list of other related topics developed in recent literature:
(1) The influence of surface stresses on the free vibrations of materials is investigated in Refs. [336] [337] [338] [339] [340] . (2) The finite deformations of elastic solids in the Gurtin-Murdoch model is studied in Refs. [341] [342] [343] [344] . (3) The study of BVPs in case of linear elasticity with surface stresses is performed in Refs. [20, 21, 24, 329, 330] . (4) Numerical study (based on FEM) of bodies with surface stresses is provided in Refs. [345] [346] [347] . (5) Ab initio methods and other atomistic simulations are covered in Refs. [348] [349] [350] [351] . (6) Surface energy introduced by means of the evaluation of the excess of bulk energy close to the surface is investigated in Ref. [352] . (7) Models of higher gradient continua capable to include surface stresses are presented in Refs. [315, [353] [354] [355] [356] .
Example: Pantographic Structures
As a model case of a structure which can be 3D printed and studied by means of the approaches proposed in Sec. 3, we will briefly describe pantographic sheets. By this, we mean a structure constituted by long fibers, which can be modeled as Euler or Timoshenko beams, inextensible chords, or in other ways according to the particular application at hand (see Fig. 1 ). The fibers form parallel arrays orthogonal to each other, and each fiber belonging to an array is interconnected via internal pivots to all the fibers of the other array (see Refs. [190, 240] ).
This system appears rather simple in its geometry and in the mechanics of its basic substructure, but nevertheless is capable of very rich macroscopic behavior which poses great challenges to its theoretical characterization, due primarily to: (i) the need to account for special constraints, such as inextensibility and (ii) the presence of "floppy modes"; i.e., macrodeformations to which no strain energy is associated. Moreover, it is clearly of a multiscale nature, as it is characterized by four different length scales: the diameter of the fibers, the spacing between the fibers, the distance between the closest pivots, and the size of the pivots.
This structure can have a very advantageous strength/weight ratio, and it is experimentally proved that it exhibits a particularly safe behavior in fracture [357] , since it is capable of sustaining load in a stable fashion long after the inception of fracture: the part of energy absorbed by the system between the end of the elastic regime and the ultimate failure is comparable to that stored as elastic deformation energy. These features make it a very promising candidate for applications in the aeronautical and aerospace industries.
A basic version of this structure has already been printed and experimentally studied in recent research activity [357] [358] [359] ; in Fig. 1 (top) the result of a so-called "bias test" is shown. One can clearly observe the presence of different "phases"; i.e., regions in which the shear deformation is more or less constant, with almost vanishing bending of the fibers, separated by thin layers in which bending is concentrated. This qualitative behavior was accurately reproduced by introducing a continuum model (Fig. 1 (bottom) , where shear deformation is represented on the vertical axis). We remark that this picture is relative to a continuum simulation, and that the curves represent sets of material points which are straight lines in the reference configuration. For the continuum model, a placement r can be considered which is a vector function defined over the planar domain corresponding to the reference configuration of the sample, taking values in R 3 r ¼ X a e a þ u i ðX a Þe i with Latin indexes ranging from 1 to 3 and Greek indexes from 1 to 2; the u i are the three components of displacement.
The strain-energy function of the model is
where
and
This is in many aspects the simplest choice for the constitutive model, as (for instance) the same stiffness coefficient is assumed for normal and geodesic bending, and yet it is able to reproduce exceptionally well the experimental evidence. We can expect that subsequent refinement of the model will lead to even better quantitative predictions.
The continuum model was conceived to account for energy related to microstructural in-plane bending, which manifests itself macroscopically as geodesic curvature. It is not possible to model the response to this kind of deformation without introducing a second gradient contribution to the energy density. This is clearly established by the very good fidelity exhibited by the numerical simulations based on the foregoing theoretical model with respect to the patterns observed in the actual test.
In addition to the simulations based on the continuum model, mesoscale simulations based on an averaged model in which the energy (thought as dependent only on the angles between the fibers) is concentrated in the nodes of a lattice were performed (see Ref. [359] ). In Figs. 14 and 15, the angular variation between the inextensible fibers with respect to the undeformed configuration is plotted, resulting in well visible boundary layers and undeformed triangular regions close to the shortest sides. Finally, large-scale simulations of the actual 3D structure were also conduced (see Ref. [358] ; this is a particular case of the general feature that was already discussed before, i.e., with 3D-printing, one can employ the same code for both producing the sample and establishing the topology for performing numerical simulations. It is worth noting, recalling what was mentioned in Sec. 5, that the previous mesoscale simulations required a computation time approximately 10 4 times smaller than these last ones. In Fig. 16 , we show 3D numerical simulations based on the same code used for manufacturing the object shown in the previous figure; a numerical bias test is shown (norm of absolute displacement is plotted by means of a color map). In Fig. 2 -top, the strain-energy density is shown in a more restricted region, and one can observe that almost all the energy is stored in the pivots as torsional energy. In Fig. 2-bottom, a sharper resolution is shown, which is particularly fine at the pivots.
This 3D model represents the micromodel of the considered structure, while its eventual homogenization by means of a suitable continuum model will represent the "macro" approach. Between them, a mesomodel in which the Euler beam model will account for the description of the fibers can also be introduced.
Concerning the theoretical formulation of the problem, we confine ourselves to an outline of some relevant concepts for the purpose of illustrating the difficulties that can arise. For example, the introduction of fiber inextensibility entails the presence, in the Lagrangian of the system, of terms expressed by means of nonlocal (integral) operators representing the constraint [193] , leading to mathematical problems that are much more complex than those associated with local constraints. For example, in a test with a diagonal displacement at 45 deg with respect to the sides of a rectangular sample, with boundary displacements u 01 and u 02 , one has the following integral conditions in case of inextensible flexural beams with internal hinges [192] :
where g is the curvilinear abscissa along the fibers in the reference configuration, # i are the kinematical descriptors representing the angular variation of the two families of fibers with respect to the reference configuration, and the value 2 is due to the shape ratio (3:1) of the sample (for details, see Ref. [189] ). More complicated integral conditions will appear in the resulting evolution equations in the case of a more general imposed displacement.
The dynamics of such systems is expected to be very rich and to exhibit unusual features, including the presence of nonstandard interaction between opposing waves (Fig. 17) and energy entrapment by means of filters constituted by an array of springs ( Fig. 18 ) [190] . Selecting different stiffnesses for the two families of parallel beams, the system can yield different dispersion coefficients in different directions. The homogenized continuum theory, to be developed, must be rich enough to account for this kind of behavior, which, together with the exploitation of possible soft-modes, can aid in the realization of acoustic (cloaking) applications.
Further, the foregoing continuum model may be extended to accommodate three-dimensional deformations of the elastic lattice in space. To this end, additional terms are included in the strainenergy function W of the model to account for surface flexure and twist. In such a deformation, we have (see Eq. (4))
where g l;m and C account for geodesic bending in the tangent plane of the deformed surfaces, as before, and n is the (variable) unit normal to the evolving deformed curved surface. The variables K L;M and T are the normal curvatures of the embedded fibers and the twist induced by the bending of the surface in three-space.
To help understanding of how these effects should be manifested in the constitutive theory, the strain-energy function may be nondimensionalized by introducing a local length scale. Candidates for this are the thickness of the actual sheet represented by our surface model, the characteristic spacing of the internal pivot points of the actual pantographic lattice or the widths of the constituent fibers. If any of these is used as the length scale, then in typical applications the nondimensionalized vectors g l ; g m and C are small enough that the dependence of the strain energy on them is quadratic at leading order, provided that the associated couple stresses and bending/twisting moments vanish when the fibers are straight and untwisted. A simple strain-energy function of this type, incorporating the orthotropic symmetry conferred by the initial fiber geometry, is
where the coefficients A l;m;C and k L;M;T are constants; this form is assumed for the sake of definiteness and tractability. Other forms are, of course, possible. Here, we take A l;m;C and k L;M;T to be strictly positive and observe that the part of the energy depending on the second gradient rrr is then nonnegative, vanishing if and only if g l ; g m ; C; K L ; K M and T all vanish simultaneously. It is thus a convex function of rrr; which is enough to secure the existence of energy-minimizing deformations in conservative boundary-value problems via the direct method of the calculus of variations [360] . The resulting model is therefore ideally suited to finite-element analysis.
The constitutive sensitivity to the geodesic and normal curvatures is easily understood in terms of the mechanics of the constituent fibers. In particular, fibers are expected to offer resistance to any mode of bending, be it of the geodesic type or the type induced by surface flexure. Regarding fiber twist, in the present model this is determined by the twist of the surface because of the connectivity of the pantographic lattice substructure. Specifically, both families of intersecting fibers of the lattice are assumed to be pivoted about the current surface normal. This constraint implies that fiber twist is controlled entirely by surface geometry and is therefore not an independent kinematic variable [213] .
For the strain-dependent function w, we may adopt Fig. 18 Damping of a wave by means of an array of vertical springs in a pantographic structure (Reproduced with permission from Madeo et al. [240] . Copyright 2014 by Proceedings of the Estonian Academy of Sciences.) Fig. 19 Out-of-plane twisting of a squared pantographic sheet as studied in Ref. [358] . The picture is relative to a continuum simulation, and that the curves represent sets of material points which are straight lines in the reference configuration (original picture by the authors).
are the extensional fiber strains, and E L;M and G are the positive constants. This energy does not include a term proportional to e L e M and therefore does not accommodate a Poisson effect with respect to the fiber axes. Poisson effects are generally nonnegligible in woven fabrics due to fiber crimping and decrimping [193, 213] , but this mechanism is absent in pantographic lattices. Finally, the term involving J penalizes fiber collapse ðJ ! 0Þ by requiring unbounded growth of the associated energy. Figure 19 illustrates a simulation based on this theory in which one edge of the lattice is fixed and the opposite end undergoes a relative displacement and twist in three dimensions (we again remark that the picture represents a 2D continuum simulation; see the caption). The effect is to introduce substantial bending and twisting of the lattice without disturbing the aforementioned phase segregation pattern. This generalization of the model is important in providing a capability to model the potentially complex threedimensional deformations of real lattice substructures. It may be further extended through refinement of the constitutive equations and the introduction of kinetic effects to capture wave propagation and structural vibrational modes. The latter are expected to be coupled due to the interplay among strain, normal bending, twisting, and geodesic bending.
One very ambitious field of application in this field of research is the analysis of the response of recently developed bio-inspired flexible electronics for health-monitoring purposes, such as those developed by the group led by Nanshu Lu (see, for instance, Ref. [361] ). In this research, a generalization of the aforementioned pantographic structure is proposed (see Fig. 20 ), which conforms mechanically to skin tissue (for details on this topic, see Refs. [362] [363] [364] [365] [366] [367] [368] ), i.e., electronic systems that remain congruent to the epidermis as it deforms. These structures may exhibit complex large-deformation behavior, including out-of-plane buckling induced by in-plane extension. Their mechanical behavior is such that other soft-tissue biomimetic applications are possible (see Fig. 21 for the employment of a similarly conceived architectured material for a vascular prosthesis). Understanding the mechanics of these kinds of structures, as well as deepening our knowledge of mechanophysiology of the skin, will be crucial in order to exploit their potential (Figs. 22-24 ).
Conclusions
Modern technology is experiencing a tumultuous growth. This growth is producing wonderful and unexpected devices, mechanisms, tools, and some solutions to many among the problems humankind is facing since its appearance on Earth. All these developments are based on what can be considered the deepest and most detailed scientific understanding of Nature ever attained. The situation is very similar to what experienced during the Renaissance when, based on the rediscovery (see again Ref. [1] ) of Hellenistic science, Italian (and in general Western) scientists started to shape the modern human society, which systematically exploits innovation, scientific knowledge, and technological transfer to increase its productive capability and, at the end, the quality of life of humankind.
It is therefore suitable even nowadays to address the methodological considerations and innovation thrusts which animated all Renaissance men, and, first among them, Galileo Galilei. In Galileo's Il Saggiatore (Ref. [370] , p. 232), we can read: 4 La filosofia è scritta in questo grandissimo libro che continuamente ci sta aperto innanzi a gli occhi (io dico l'universo) ma non si pu o intendere se prima non s'impara a intender la lingua, e conoscer i caratteri, ne' quali è scritto. Egli è scritto in lingua matematica, e i caratteri son triangoli, cerchi ed altre figura geometriche, senza i quali mezzi è impossibile a intenderne umanamente parola; senza questi è un aggirarsi vanamente per un oscuro laberinto.
Which is translated by Stillman Drake (in Ref. [371] ) as:
Philosophy is written in this grand book, the universe, which stands continually open to our gaze. But the book cannot be understood unless one first learns to comprehend the language and read the letters in which it is composed. It is written in the language of mathematics, and its characters are triangles, circles, and other geometric figures without which it is humanly impossible to understand a single word of it; without these, one wanders about in a dark labyrinth.
One should not believe that Galileo is accepting the philosophical vision which is currently known as "Platonistic." Galileo (and ourselves) did not believe that mathematics is a reality outside our mind: he claims indeed that "Philosophy" is written in the language of mathematics and that the universe can be understood only when using a philosophy which exploits the scientific logical-deductive method and the tools given to us by mathematics.
Engineering sciences must be based on a preliminary deep understanding of the nature of the phenomena which it intends to exploit for developing its applications. Therefore, mathematical formulation of predictive models is essential in Engineering. Moreover, the attentive observer will discover that, indeed, mathematics and mathematical knowledge have shaped and are shaping our environment, our world or, if you like, our "ecological niche" via the engineering applications and technology which they ultimately make possible. It is not the world which is written in mathematical symbols: it is our mind which shapes the world using mathematics as a fundamental tool for understanding, predicting, and controlling the phenomena, and for designing the artifacts which surround us. It is therefore natural that one recognizes in the artifacts the mathematics which is behind them. One instance will clarify the issue: even if Navier's effort to design a suspension bridge based on mathematical modeling failed because of lack of knowledge about the mechanical behavior of Fig. 24 Out-of-plane twisting of a pantographic sheet with combined traction and torsion as studied in Ref. [358] . The picture is relative to a continuum simulation, and that the curves represent sets of material points which are straight lines in the reference configuration (original picture by the authors).
foundations (and this failure pushed the development of geotechnics), when Navier "Mathematizes" the study of suspension bridges he establishes the methods needed to cross large spans without intermediate pillars and therefore changes the shape of our cities, our highways, and our railways (see, for instance, Ref. [372] and [373] ). Similarly, the concept of tube-frame structural system, based on the highly mathematically based theory of structures, was developed, among the others, by Fazlur Rahman Khan and was used to build the twin towers and many subsequent skyscrapers. Moreover, it is also to be pointed out that our failures in understanding mathematical problems play an important role as our successes in determining our technology. For example, it is well known that Warren bridge was mainly chosen, among many possible structures, because of the fact that having loads concentrated on the nodes (usually modeled by means of ideal hinges) heavily cuts the computational costs, making the problem solvable even in an age in which computers were not yet available; this is the reason for which, still today, this kind of structures is so often employed even if our software can easily deal with the computation needed by distributed bending loads in most of the cases.
In the present review, we wanted to stress that mathematics is starting to shape novel "exotic" fabric materials. Indeed their structure is determined "a priori" via the mathematical equations which one decides must be those governing their physical behavior. The limits in this design and conception process coincide with the limits of the mathematics which we are able to handle. Exactly as happened during Navier's age, when the lack of mathematical and mechanical knowledge limited the capability of building bridges, nowadays the limits of the mathematical and mechanical theories and models risk to impose restrictions on the technological capabilities of humankind, and in particular on the materials which are available for our engineering applications. To be able to improve the performances of materials, to increase their capacity to sustain thermal, mechanical, or electrical external actions, one needs to develop new and more powerful mathematical, mechanical, and numerical methods. In this sense, mathematics is one of the most practical tools which are available to the engineer. Moreover, the field of novel engineered materials systems requires new and powerful experimental techniques in order to validate and to inform any of the developed theories and models.
The authors hope that this review will contribute to the achievement of an effective overview of what has been done and what remains to be done in a part of the vast field of complex mechanical metamaterials design and prototyping.
